Introduction
It is well known that the injection system plays a leading role in achieving high diesel engine performance; the introduction of the common rail fuel injection system (Boehner & Kumel, 1997; Schommers et al., 2000; Stumpp & Ricco, 1996) represented a major evolutionary step that allowed the diesel engine to reach high efficiency and low emissions in a wide range of load conditions. Many experimental works show the positive effects of splitting the injection process in several pilot, main and post injections on the reduction of noise, soot and NOx emission (Badami et al., 2002; Brusca et al., 2002; Henelin et al., 2002; Park et al., 2004; Schmid et al., 2002) . In addition, the success of engine downsizing (Beatrice et al., 2003) and homogeneous charge combustion engines (HCCI) (Canakci & Reitz, 2004; Yamane & Shimamoto, 2002 ) is deeply connected with the injection system performance and injection strategy. However, the development of a high performance common rail injection system requires a considerable investment in terms of time, as well as money, due to the need of fine tuning the operation of its components and, in particular, of the electronic fuel injector. In this light, numerical simulation models represent a crucial tool for reducing the amount of experiments needed to reach the final product configuration. Many common-rail injector models are reported in the literature. (Amoia et al., 1997; Bianchi et al., 2000; Brusca et al., 2002; Catalano et al., 2002; Ficarella et al., 1999; Payri et al., 2004) . One of the older common-rail injector model was presented in (Amoia et al., 1997) and successively improved and employed for the analysis of the instability phenomena due to the control valve behaviour (Ficarella et al., 1999 ). An important input parameter in this model was the magnetic attraction force in the control valve dynamic model. This was calculated interpolating the experimental curve between driving current and magnetic force measured at fixed control valve positions. The discharge coefficient of the feeding and discharge control volume holes were determined and the authors asserted that the discharge hole operates, with the exception of short transients, under cavitating flow conditions at every working pressure, but this was not confirmed by (Coppo & Dongiovanni, 2007) . Furthermore, the deformation of the stressed injector mechanical components was not taken into account. In (Bianchi et al., 2000) the electromagnetic attraction force was evaluated by means of a phenomenological model. The force was considered directly proportional to the square of the magnetic flux and the proportionality constant was experimentally determined under stationary conditions. The elastic deformation of the moving injector components were considered, but the injector body was treated as a rigid body. The models in (Brusca et al., 2002; Catalano et al., 2002) were very simple models. The aims in (Catalano et al., 2002) were to prove that pressure drops in an injection system are mainly caused by dynamic effects rather than friction losses and to analyse new common-rail injection system configurations in which the wave propagation phenomenon was used to increase the injection pressure. The model in (Brusca et al., 2002) was developed in the AMESim environment and its goal was to give the boundary conditions to a 3D-CFD code for spray simulation. Payri et al. (2004) report a model developed in the AMESim environment too, and suggest silicone moulds as an interesting tool for characterising valve and nozzle hole geometry. A common-rail injector model employs three sub-models (electrical, hydraulic and mechanical) to describe all the phenomena that govern injector operation. Before one can use the model to estimate the effects of little adjustments or little geometrical modifications on the system performance, it is fundamental to validate the predictions of all the sub-models in the whole range of possible working conditions. In the following sections of this chapter every sub-model will be thoroughly presented and it will be shown how its parameters can be evaluated by means of theoretical or experimental analysis. The focus will be placed on the electronic injector, as this component is the heart of any common rail system
Mathematical model
The injector considered in this investigation is a standard Bosch UNIJET unit (Fig. 1 ) of the common-rail type used in car engines, but the study methodology that will be discussed can be easily adapted to injectors manufactured by other companies. The definition of a mathematical model always begins with a thorough analysis of the parts that make up the component to be modelled. Once geometrical details and functional relationships between parts are acquired and understood they can be described in terms of mathematical relationships. For the injector, this leads to the definition of hydraulic, mechanical, and electromagnetic models. Fig. 2 shows the equivalent hydraulic circuit of the injector, drawn following ISO 1219 standards. Continuous lines represent the main connecting ducts, while dashed lines represent pilot and vent connections. The hydraulic parts of the injector that have limited spatial extension are modelled with ideal components such as uniform pressure chambers and laminar or turbulent hydraulic resistances, according to a zero-dimensional approach. The internal hole connecting injector inlet with the nozzle delivery chamber (as well as the pipe connecting the injector to the rail or the rail to the high pressure pump) are modelled according to a one-dimensional approach because wave propagation phenomena in these parts play an important role in determining injector performance. Fig. 3a shows the control valve and the relative equivalent hydraulic circuit. R A and R Z are the hydraulic resistances used for modelling flow through control-volume orifices A (dis- . Standard Bosch UNIJET injector charge) and Z (feeding), respectively. The variable resistance R AZ models the flow between chambers C dZ and C uA , taking into account the effect of the control piston position on the actual flow area between the aforementioned chambers. The solenoid control valve V c is represented using its standard symbol, which shows the forces that act in the opening (one generated by the current I flowing through the solenoid, the other by the pressure in the chamber C dA ) and closing direction (spring force). Fig. 3b illustrates the control piston and nozzle along with the relative equivalent hydraulic circuit. The needle valve V n is represented with all the actions governing the needle motion, such as pressures acting on different surface areas, force applied by the control piston and spring force. The chamber C D models the nozzle delivery volume, C S is the sac volume, whereas the hydraulic resistance R hi represents the i-th nozzle hole through which fuel is injected in the combustion chamber C e . The control piston model considers two different surface areas on one side, so as to take into account the different contribution of pressure in the chambers C uA and C dZ to the total force applied in the needle valve closing direction. Leakages both between control valve and piston and between needle and its liner are modelled by means of the resistances R P and R n respectively, and the resulting flow, which is collected in chamber C T (the annular chamber around the control piston), is then returned to 
Hydraulic Model

Zero-dimensional hydraulic model
The continuity and compressibility equation is written for every chamber in the model
where ∑ Q is the net flow-rate coming into the chamber, (V/E l )(dp/dt) the rate of increase of the fluid volume in the chamber due to the fluid compressibility and (dV/dt) the deformation rate of the chamber volume. Fluid leakages occurring between coupled mechanical elements in relative motion (e.g. needle and its liner, or control piston and control valve body) are modelled using laminar flow hydraulic resistances, characterized by a flow rate proportional to the pressure drop ∆p across the element
where the theoretical value of K L for an annulus shaped cross-section flow area can be obtained by
In case of eccentric annulus shaped cross-section flow area, Eq. 3 gives an underestimation of the leakage flow rate that can be as low as one third of the real one (White, 1991) . Furthermore, the leakage flow rate, Equations 2 and 3, depends on the third power of the radial gap g. At high pressure the material deformation strongly affects the gap entity and its value is not constant along the gap length l because pressure decreases in the gap when approaching the low pressure side (Ganser, 2000) . In order to take into account these effects on the leakage flow rate, the value of K L has to be experimentally evaluated in the real injector working conditions. Turbulent flow is assumed to occur in control volume feeding and discharge holes, in nozzle holes and in the needle-seat opening passage. As a result, according to Bernoulli's law, the flow rate through these orifices is proportional to the square root of the pressure drop, ∆p, across the orifice, namely,
The flow model through these orifices plays a fundamental role in the simulation of the injector behavior in its whole operation field, so the evaluation of the µ factor is extremely important.
Hole A and Z discharge coefficient
The discharge coefficient of control volume orifices A and Z is evaluated according to the model proposed in (Von Kuensberg Sarre et al., 1999) . This considers four flow regimes inside the hole: laminar, turbulent, reattaching and fully cavitating. Neglecting cavitation occurrence, a preliminary estimation of the hole discharge coefficient can be obtained as follows
where K I is the inlet loss coefficient, which is a function of the hole inlet geometry (Munson et al., 1990) , l is the hole axial length, d is the hole diameter, and f is the wall friction coefficient, evaluated as
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where Re stands for the Reynolds number. The ratio between the cross section area of the vena contracta and the geometrical hole area, µ vc , can be evaluated with the relation:
where µ vc 0 = 0.61 (Munson et al., 1990) and r is the fillet radius of the hole inlet. It follows that the pressure in the vena contracta can be estimated as
If the pressure in the vena contracta (p vc ) is higher then the oil vapor pressure (p v ), cavitation does not occur and the value of the hole discharge coefficient is given by Equation 5. Otherwise, cavitation occurs and the discharge coefficient is evaluated according to
The geometrical profile of the hole inlet plays a crucial role in determining, or avoiding, the onset of cavitation in the flow. In turn, the occurrence of cavitation strongly affects the flow rate through the orifice, as can be seen in Figure Obviously, such behavior would reflect strongly on the injector performance if the control volume holes happened to cavitate in some working conditions. Therefore, in order to accurately model the injector operation, it is necessary to accurately measure the geometrical profile of the control volume holes A and Z; by means of silicone moulds, as proposed by (Payri et al., 2004) , it is possible to acquire an image of the hole shape details, as shown in Figure 5 . Knowing that during production a hydro-erosion process is applied to make sure that, under steady flow conditions, all the holes yield the same flow rate, it is possible to define an iterative procedure to calculate the hole diameter using the discharge coefficient model presented above and the the steady flow rate value. This approach is preferrable to the estimation of the hole diameter with imaging techniques because it yields a result that is consistent with the discharge coefficient model used. In the control valve used in our experiments, under a pressure drop of 10 MPa, with a back pressure of 4 MPa, the holes A and Z yielded 6.5 ± 0.2 cm 3 /s and 5.3 ± 0.2 cm 3 /s, respectively. With these values it is possible to calculate the most probable diameter of the control volume holes, as reported in Table 1 . It is worth noting that the precision with which the diameters were evaluated was higher than that of the optical technique used for evaluating the shape of the control volume holes. This resulted from the fact that K I shows little dependence on r/d when the latter assumes values as high as those measured. As a consequence, the experimental uncertainty in the diameter estimation is mainly originated from the uncertainty given on the stationary flow rate through the orifices.
Discharge coefficient of the nozzle holes
The model of the discharge coefficient of the nozzle holes is designed on the base of the unsteady coefficients reported in (Catania et al., 1994; 1997) . These coefficients were experimentally evaluated for minisac and VCO nozzles in the real working conditions of a distributor pump-valve-pipe-injector type injection system. The pattern of this coefficient versus needle lift evidences three different phases. In the first phase, during injector opening, the moving needle tip strongly influences the efflux through the nozzle holes. In this phase, the discharge coefficient progressively increases with the needle lift. In the second phase, when the needle is at its maximum stroke, the discharge coefficient increases in time, independently from the pressure level at the injector inlet. In the last phase, during the needle closing stroke, the discharge coefficient remains almost constant. These three phases above mentioned describe a hysteresis-like phenomenon. In order to build a model suitable for a common rail injector in its whole operation field these three phases need to be considered. Therefore, the nozzle hole discharge coefficient is modeled as needle lift dependent by considering two limit curves: a lower limit trend (µ d h ), which models the discharge coefficient in transient efflux conditions, and an upper limit trend (µ s h ), which represents the steady-state value of the discharge coefficient for a given needle lift. The evolution from transient to stationary values is modeled with a first order system dynamics. It was experimentally observed (Catania et al., 1994; 1997) that the transient trend presents a first region in which the discharge coefficient increases rapidly with needle lift, following a sinusoidal-like pattern, and a second region, characterized by a linear dependence between discharge coefficient and needle lift. Thus, the following model is adopted:
where ξ is the needle-seat relative displacement, and ξ 0 is the transition value of ξ between the sinusoidal and the linear trend. The use of the variable ξ, rather than the needle lift, x n , emphasizes the fact that all the mechanical elements subject to fuel pressure, including nozzle and needle, deform, thus the real variable controlling the discharge coefficient is not the position of the needle, but rather the effective clearance between the latter and the nozzle. The maximum needle lift, ξ M , varies with rail pressure due to the different level of deformation that this parameter induces on the mechanical components of the injector. The relation between ξ M and the reference rail pressure p r0 is assumed to be linear as
where K 1 and K 2 are constants that are evaluated as explained in the section 2.3.3. Similarly, the value of ξ 0 in Equation 10 is modeled as a function of the operating pressure p r0 in order to better match the experimental behavior of the injection system. Thus, the following fit is used
and K 3 and K 4 are obtained at the end of the model tuning phase (table 4) . In order to define the relation between the steady state value of the nozzle-hole discharge coefficient (µ s h ) and the needle-seat relative displacement (ξ) the device in Figure 6 was designed. It contains a camshaft that can impose to the needle a continuously variable lift up to 1 mm. Then, a modified injector equipped with this device was connected to the common rail injection system and installed in a Bosch measuring tube, in order to control the nozzle hole downstream pressure. The steady flow rate was measured by means of a set of graduated burettes.
1. Dial indicator 4. Eccentric ball bearing (e = 1mm) 2. Handing for varying needle lift 5. Injector control piston 3. Axis support bearing 6. Injector inlet Fig. 6 . Device for fixed needle-seat displacement imposition Figure 7a shows the trends of steady-state flow rate versus needle lift at rail pressures of 10 and 20 MPa, while the back pressure in the Bosch measuring tube was kept to either ambient pressure or 4 MPa; whereas Figure 7b shows the resulting stationary hole discharge coefficient, evaluated for the nozzle under investigation. Taking advantage of the reduced variation of µ s h with operation pressure, it is possible to use the measured values to extrapolate the trends of steady-state discharge coefficient for higher pressures, thus defining the upper boundary of variation of the nozzle hole discharge coefficient values. During the injector opening phase the unsteady effects are predominant and the sinusoidallinear trend of the hole discharge coefficient, Equation 10, was considered; when the needleseat relative displacement approaches its relative maximum value ξ r M , the discharge coefficient increases in time, which means that the efflux through the nozzle holes is moving to the stationary conditions. In order to describe this behavior, a transition phase between the 
where t 0 is the instant in time at which the needle-seat relative displacement approaches its maximum value ξ r M , µ d h ξ r M and µ s h ξ r M are the unsteady and the stationary hole discharge coefficients evaluated at this needle-seat relative displacement, and τ is the time constant of this phenomenon, which have to be defined during the model tuning phase. Figure 8 shows the computed nozzle hole discharge coefficient, µ h , dependence upon needleseat relative displacement, ξ, in accordance to the proposed model, in a wide range of operating conditions (which are showed by rail pressure p r0 and energisation time ET 0 in the legend). Examining the discharge coefficient, µ h , trends for the three main injections (ET 0 = 780 µs, 700 µs and 670 µs) during the opening phase, it is interesting to note that for a given value of the needle lift, lower discharge coefficients are to be expected at higher operating pressures. This can be explained considering that the flow takes longer to develop if the pressure differential, and thus the steady state velocity to reach is higher. The main injection trends also show the transition from the sinusoidal to the linear dependence of the transient discharge coefficient on needle lift. The phase in which the needle has reached the maximum value and the discharge coefficient increases in time from unsteady to stationary values is not very evident in main injections, because the former increases enough during the opening phase to approach the latter. This happens because the needle reaches sufficiently high lifts as to have reduced effect on the flow in the nozzle holes, and the longer injection allows time for complete flow development. Conversely, during pilot injections (ET 0 =300 µs), the needle reaches lower maximum lifts, hence lower values of the unsteady discharge coefficient, so that the phase of transition to the stationary value lasts longer. The beginning of this transition can be easily identified by analyzing the curves marked with dots and crosses in Figure 8 . The point at which they depart from their main injection counterpart (same line style but without markers) marks the beginning of the exponential evolution in time to stationary value of discharge coefficient.
For both pilot and main injections, the nozzle hole discharge coefficient remains constant, and equal to the stationary value, during the injector closing phase, as shown by the horizontal profile of the trends in Figure 8 . The needle-seat discharge coefficient µ s has to be modeled too. It is assumed as needle lift dependent according to (Xu et al., 1992) where this coefficient was experimentally evaluated after removing the nozzle tip. A three segment trend is considered, as shown in Fig. 8, but it is worth to point out that it plays a marginal role in the injection system simulation because its values are higher than 0.8 for most needle lift values. Fig. 8 . Needle-seat and holes discharge coefficient
One-dimensional model: pipe flow model
A one-dimensional modelling approach is followed in order to model the fluid flow in the pipe connecting injector and rail and in the injector internal duct that carries the fluid from the inlet to the delivery chamber. This is necessary to correctly take into account pressure wave propagation that occurs in those elements. The pipe flow conservation equations are written for a single-phase fluid because in the common-rail injection system cavitation does not appear in the connecting pipe. An isothermal flow is assumed and only the momentum and mass conservation equations need to be solved
where
/ρd 0 and τ is the wall shear stress that is evaluated under the assumption of steady-state friction (Streeter et al., 1998) . The eigenvalues of the hyperbolic system of partial differential Equations 14 are λ = u ± c, real and distinct. The celerity c of the wave propagation can be evaluated as
where the second term within brackets takes into account the effect of the pipe elasticity; K p is the pipe constraint factor, depending on pipe support layout, E p the Young's modulus of elasticity of the pipe material, d p the pipe diameter and t p the pipe wall thickness (Streeter et al., 1998) . Being the pipe ends rigidly constrained, the pipe constrain factor K p can be evaluated as
where ν p is the Poisson's modulus of the pipe material. Pipe junctions are treated as minor losses and only the continuity equation is locally written. As mentioned before, this simple pipe flow model is not suitable when cavitation occurs. This is not a limitation when common-rail injection system are modelled because of the high pressure level at which these systems always work. In order to model conventional injection systems, as pump-pipe-nozzle systems, it is necessary to employ a pipe flow model able to simulate the cavitation occurrence. For this purpose the authors developed an appropriate second order model (Dongiovanni et al., 2003) .
Fluid properties
Thermodynamic properties of oil are affected by temperature and pressure that remarkably vary in the common rail injection system operation field. Density, wave propagation speed and kinematic viscosity of the ISO4113 air-free test oil had been evaluated as function of pressure and temperature (Dongiovanni, 1997) . These oil properties were approximated with analytic functions of the exponential type in the range of pressures from 0.1 to 200 MPa and temperatures from 10 • C to 120 • C. These analytic relations were derived from the actual property values supplied by the oil maker, by using the least-square method for non-linear approximation functions with two independent variables. The adopted formulae are:
The K Ei , K ρi and K νi are polynomial functions of temperature T
and the numerical coefficients that appear in them are reported in Table 2 Finally, the celerity of the air free oil is evaluate in accordance with c l = E l /ρ l . By using these approximation functions, the maximum deviation between experimental and analytical values in the examined range of pressure and temperature has been estimated as being lower than ±0.2% for density, ±1.2% for bulk modulus, ±0.6% for celerity and ±18% for kinematic viscosity.
1.4640e-3 1.5402e-5 K ρ4,j 7.8109e-1 -8.1893e-4 -
6.4862 -1.5847e-1 1.6342e-3 -6.0334e-6 K ν2,j 4.0435e-4 -2.3118e-6 --
1.4346 -6.2288e-3 3.3500e-5 - Table 2 . Polynomial coefficients for ISO4113 oil
Electromagnetic model
A model of the electromechanical actuator that drives the control valve must be realized in order to work out the net mechanical force applied by the solenoid on its armature, for a given current flowing in the solenoid. The magnetic force applied by the solenoid on the armature F Ea can be obtained by applying the principle of energy conservation to the armature-coil system (Chai, 1998; Nasar, 1995) . In the general form it can be written as follows:
where V I dt represents the electric energy input to the system, F Ea dx a is the mechanical work done on the armature and dW m is the change in the magnetic energy. 
as shown in (Chai, 1998; Nasar, 1995) ; by considering Φ and x a as independent variables, Equation 22 can be reduced to
The magnetic circuit geometry of the control valve needs to be thoroughly analyzed in order to evaluate the magnetic energy stored in the gap. Fig. 9a shows the path of the significant magnetic fluxes, having neglected secondary leakage fluxes and flux fringing. Exploiting the analogy between Ohm's and Hopkinson's law, it is possible to obtain the magnetic equivalent circuit of Fig. 9b where N I is the ampere-turns in the exciting coil and 
When the flux flows across a radial path, the reluctance can be evaluated as
being t the radial thickness, d e and d i the external and internal diameter of the gap volume. Reluctance of the ferromagnetic components was neglected because it is several order of magnitude lower than the corresponding gap reluctance. Circuit of Fig. 9b is solved using Thevenin's theorem, and the equivalent circuit reluctance connected to the magnetomotive force generator is determined as
The magnetic energy W m is stored in the volume of the electromechanical actuator, but only the portion of energy stored in the gap between control-valve body and magnetic core depends on the armature lift x a . Consequently, being the magnetization curve of non-ferromagnetic materials (oil in the gaps) linear, Equation 23 can be written as
To complete the model, it was necessary to take into account the saturation phenomenon that occurs to every ferromagnetic material. That is, a magnetic flux cannot increase indefinitely, as the material presents a maximum magnetic flux density after which the curve B − H is almost flat. In this model we assumed a simplified magnetization curve, given by :
thus neglecting material hysteresis and non-linearity.
As a result of the saturation phenomenon, the maximum force of attraction is limited because the maximum magnetic flux which can be obtained in the j-th branch of the circuit is approximately
being µ 0 negligible with respect µ.
The most important parameters in the electromagnetic model are set as reported in Table 3 .
2.5 0.65 1.5 0.05 Table 3 . Most important electromagnetic model parameters
The model was employed to evaluate the inductance of the solenoid when mounted on the injector body. In this case, with the valve actuator in the closed position, an inductance of 134 µH was evaluated. Employing a sinusoidal wave generator at a frequency of 5 kHz, which is high enough to make negligible the mechanical system movements, an inductance of 137 µH was measured. The accordance between experimental and theoretical inductance value indirectly validates the electromagnetic model and the parameters value. Fig. 10a shows the theoretical (solid line) driving actuator force when the actual energizing current (dashed line) is used to feeding the injector solenoid. Furthermore, we point out that the measure of the injector coil inductance L = N/ 2 could be used to indirectly evaluate the control valve lift, due to the dependence of reluctance upon armature distance from the solenoid (Equation 24 ). Bearing in mind that, by applying Ohm's law to the solenoid coil, the inductance L could be evaluated as:
hence only the measurement of solenoid current I and voltage V would be required to calculate L. and opportunely scaled, compared to the experimental valve lift x c , showing a good agreement between the two trends, and hence the potential of this non-invasive measurement technique. However, Equation 30 is only applicable when electric current is flowing in the solenoid coil so, for example, it is not possible to use this method to record the the control valve closure trend because, as Fig. 10b shows, this usually begins when the solenoid current is null. A possible way to solve this problem would be to inject an additional, small amplitude, high frequency (around 1 MHz) current into the coil, but this technique has not yet been tested by the authors.
Mechanical model
All mechanical devices that can move during injector functioning (i.e. needle, control piston and control valve) are modelled using the conventional mass-spring-damper scheme, governed by a mechanical equilibrium equation, in which the dynamic parameters are function of element position.
where m j is the displacing mass, β j the damping coefficient, k j the spring stiffness and F 0 j the spring preload; the bar above the symbols indicates that these coefficients are evaluated according to the relative position of the moving elements.
Control piston, needle and nozzle model
The high working pressures in the common-rail injection system stress its components and cause appreciable deformation of them. In order to take into account the effects of the axial deformation of nozzle and injector body, the nozzle is modelled by means of a conventional mass-spring-damper scheme as well as the needle and the control piston, while the injector body is modelled by means of a simple spring having appropriate stiffness. Injector needle, control piston and nozzle form a three degrees of freedom mechanical system, which can be modelled as shown in Figure 11a . Three equilibrium equations are needed to describe the system motion, one for each element. With reference to Fig. 11a , the dynamic equilibrium Equation 31 is written using the following definition for the control piston (j = P), the needle (j = n) and the nozzle (j = N): external force F j :
where F R(ij) is the force that i-th and j-th element apply to each other when they are in contact,
and
where γ = 0 indicates that the nozzle is closed while γ = 1 indicates open nozzle conditions. Damping coefficient β j , stiffness k j and preload F 0j are evaluated as follows for: control piston 
Control valve model
The control valve contains two mobile parts: the pin element having mass m c and the armature element of mass m a ; they can be modelled with the two degrees of freedom scheme shown in Fig. 11b . The two dynamic equilibrium equations are written in a similar fashion as Equation 31 where j = a indicates the armature and j = c the control-pin. The external forces F j can be evaluated as
where F Ea represents the electromagnetic action that the current generates when it flows in the solenoid coil determined as shown in section 2.2.
Damping coefficient β j , stiffness k j and preload F 0j are evaluated as follows: pin element
armature
Mechanical components deformation
The axial deformation of needle, nozzle and control piston have to be taken into account. These elements are considered only axially stressed, while the effects of the radial stress are neglected. For the sake of simplicity, the axial length of control piston (l P ), needle (l n ), and nozzle (l N ) can be evaluated as function of the axial compressive load (F C ) in each element. Therefore, the deformed length l of these elements, which are considered formed by m parts having cross section A j and initial length l 0 j , is evaluated as follows
where E is Young's modulus of the considered material. The axial deformation of the injector body is taken into account by introducing in the model the elastic elements indicated as k B and k Bc in Figure 11 . The injector body deformation cannot be theoretically calculated very easily, because one should need to take into account the effect and the deformation of the constraints that fix the injector on the test rig. For this reason, in order to evaluate the elasticity coefficient of k B and k Bc , an empirical approach is followed, which consists in obtaining a relation between the axial length of these elements and the fluid pressure inside the injector body. As direct consequence, the maximum stroke of the needle-control piston (ξ M ) and of the control-valve (X Mc ) can be expressed as a function of the injector structural stress. Figure 12 reports the actual maximum needle-control piston lift (circular symbols) as a function of rail pressure. At the rail pressure of 30 MPa the maximum needle-control piston lift was not reached, so no value is reported at this rail pressure. The continuous line represents the least-square fit interpolating the experimental data and the dashed line shows the maximum needle-control piston lift calculated by considering only nozzle, needle and control-piston axial deformation. The difference between the two lines represents the effect of the injector body deformation on the maximum needle-control piston lift. This can be expressed as a function of rail pressure and, for the considered injector, can be estimated in 0.41 µm/MPa. By means of the linear fit (continuous line) reported in Figure 12 it is possible to evaluate the parameters K 1 = 1.59 µm/MPa and K 2 = 364 µm that appear in Eq. 11. In order to evaluate the elasticity coefficient k Bc , an analogous procedure can be followed by analyzing the maximum control-valve lift dependence upon fuel pressure, as shown in Figure 12 . It was found that the effect of injector body deformation was that of reducing the maximum control valve stroke of 0.06 µm/MPa. The relevance of the deformation effects on the injector predicted performances is shown in Fig. 13 . The left graph shows the control piston lift at a rail pressure of 140 MPa generated with an energizing time ET 0 of 1230µs, while the right graph shows the same trend at a rail pressure of 80 MPa, and generated with the same value of ET 0 . The experimental results are drawn by circular symbols, while lines refer to theoretical results. The dashed lines (Model a) show the theoretical control piston lift evaluated by only taking in to account the axial deformation of the moving elements and nozzle, while the continuous lines (Model b) show the theoretical results evaluated by taking into account the injector body deformation too. The difference between the two models is significant, and so is the underestimation of the volume of fluid injected per stroke (4.3% with p r0 =140MPa and ET 0 of 1230µs, 3.6% with p r0 =80MPa, ET 0 of 1230µs). This highlights the necessity of accounting for deformation of the entire injector body, if accurate predictions are sought. Indeed, the maximum needle lift evaluation plays an important role in the simulation of the injector behaviour in its whole operation field because it influences both the calculation of the injected flow rate (as the discharge coefficients of needle-seat and nozzle holes depend also on needle lift) and of the injector closing time, thus strongly affecting the predicted volume of fuel injected per cycle. The deformation of the injector body also affects the maximum control valve stroke, and a similar analysis can be performed to evaluate its effects on injector performance. Our study showed that this parameter does not play as important a role as the maximum needle stroke, because the effective flow area of the A hole is smaller than the one generated by the displacement of the control valve pin, and thus it is the A hole that controls the efflux from the control volume to the tank.
Masses, spring stiffness and damping factors
Components mass and springs stiffness k j can be easily estimated. Whenever a spring is in contact to a moving element, the moving mass m j value used in the model is the sum of the element mass and a third of the spring mass. In this way it is possible to correctly account for the effect of spring inertia too. The evaluation of the damping factors β j in Equation 31 is considerably more difficult. Considering the element moving in its liner, like needle and control piston, the damping factor takes into account the damping effects due to the oil that moves in the clearance and the friction between moving element and liner. The oil flow effect can be modelled as a combined Couette-Poiseuille flow (White, 1991) and the wall shear stress on the moving element surface can be theoretically evaluated. Experimental evidences show that friction effects are more relevant than the fluid-dynamics effects previously mentioned. Unfortunately, these can not be theoretically evaluated because their intensity is linked to manufacturing tolerances (both geometrical and dimensional). Therefore, damping factors must be estimated during the model tuning phase. 
Model tuning and results
Any mathematical model requires to be validated by comparing its results with the experimental ones. During the validation phase some model parameters, which cannot be experimentally or theoretically evaluated, have to be carefully adjusted.
The model here presented was tested comparing numerical and experimental control valve lift x c , control piston lift x P , injected flow rate Q and injector inlet pressure p in in several operating conditions. Figure 15 shows two of these validation tests and the good accordance between experimental and numerical results is evident. Table 4 shows the value of the parameters that were adjusted during the tuning phase. These values can be used as starting points for the development of new injector models, but their exact value will have to be defined during model tuning for the reasons explained above. After the tuning phase the model can be used to reproduce the injection system performance in its whole operation field. By way of example, Fig. 15 shows the experimental and numerical volume injected per stroke V f and the percentage error of the numerical estimation. 
